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Physics informed neural networks (PINNs)
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PINNs in a nutshellProblem statement
We aim to solve:

#

Dpuq “ f P L2pΩ Ñ R, µq inΩ

Bpuq “ g P L2pBΩ Ñ R, σq on BΩ
.

PINNs key idea
Optimize a neural network uθ on the loss:

pℓD,Bpθq :“
1

2SD

SD
ÿ

i“1

´

DruθspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

BruθspxBi q ´ gpxBi q

¯2
,

using autodiff to compute D,B (Raissi
et al., 2019).

Problem
This leads to low accuracy with Adam.

Figure: PINN solution under standard Adam
optimization, to Laplace equation in 2 D.
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Why does it work so bad ?
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Why does it work so bad ?Intuition from Fourier

SN : pαkq P Crr´N,Nss ÞÑ

N
ÿ

k“´N

αke
2iπkx .

SN singular values are all 1. BUT:
∆rSN s spectrum is t4π2k2 : 1 ď k ď Nu

Conclusion: ∆ strongly impact the
spectral conditionning.

Intuition from NTK

pℓpθq :“
1
2S

S
ÿ

i“1

puθpxi q ´ f pxi qq
2 .

NTKθpx, yq :“
P

ÿ

p“1
BpuθpxqBpuθpyqJ.

duθptq

dt
pxq “ ´

S
ÿ

i“1

NTKθpx, xiq puθpxiq ´ fpxiqq Figure: NTK for Laplace equation.
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Natural Gradient
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A functional geometry perspectiveReinterpreting quadratic loss
Consider the loss of a classical quadratic
regression problem, with batch pxi q:

pℓpθq :“
1
2S

S
ÿ

i“1

puθpxi q ´ f pxi qq
2 .

In the population limit:

pℓpθq
SÑ8
Ñ Lpuθq ; Lpuq :“

1
2

}u ´ f }
2
L2pΩq

This yields the Fréchet derivative:
dL|uphq “ xu ´ f

∇L|u

, hyL2pΩq,

and thus the gradient flow:
#

u0 P L2pΩq

9ut “ ´∇L|ut “ f ´ ut
.

Solution: ut “ f ´ e´tpf ´ u0q.

Natural gradient in functional space
The functional space is constrained to:

‚ M :“ Im u “ tuθ : θ P RPq

‚ TθM :“ Im duθ “ SpanpBpuθq

The Natural Gradient is then defined as:

θt`1 Ð θt ´ η du:

θt

´

ΠK
TθtM

∇L|uθt

¯

,
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Reproducing Kernel Hilbert Spaces (RKHS) détour

Definition-Proposition
An Hilbert space H of functions
Ω Ñ R is a RKHS if and only if the
following equivalent conditions are
met:

1 There exist a function
k : Ω ˆ Ω Ñ R such that:

‚ H “ Span pkpx , ¨q : x P Ωq

‚ xkpx , ¨q , kpy , ¨yH “ kpx , yq

2 for all x P Ω, the evaluation
form ex : f P H ÞÑ f pxq is
continuous.

Proposition
Any finite dimensional space H is a RKHS

Proposition
If H :“ Spanpui : i P Nq, is an RKHS, then
its kernel is given by: for all x , y P Ω

kpx , yq “
ÿ

i ,jPN

ui pxqG :

i ,jujpyq

where Gij :“ xui , ujyH.

Proposition
If H Ą H0 is an RKHS with kernel k , then
the orthogonal projection ΠK

H0
onto H0 is

given by:
ΠK
H0

pf qpxq “ xkpx , ¨q , f yH
Remark
Applying to H0 “ TθM, we get natural
gradient.
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Computational perspective on Natural Gradient
Definition-Proposition (Schwencke and Furtlehner (2025))
The Natural Neural Tangent Kernel (NNTK) is the kernel of the projection
ΠTθM : L2pΩq Ñ L2pΩq onto TθM. It is given by the formula:

NNTK θpx , yq :“
ÿ

1ďp,qďP

pBpuθpxqq G :

θ pq pBquθpyqq
t ; Gθp,q :“ xBpuθ , BquθyL2pΩq

.

Corollary
The Natural Gradient update rewrites: θt`1 Ð θt ´ η G :

θt
∇ℓpθtq; ℓpθq :“ Lpuθq.

Shortcomings
‚ Computation of the Gram matrix Gθt is quadratic in the number of parameters.
‚ Inversion of Gθt is cubic

We introduce a the empirical Natural Gradient that scales linearly with the
number of parameters.
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empirical Natural Gradient
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empirical Natural Gradient(N)NTK in a nutshell
The functionnal dynamic of (N)GD on the
empirical loss pℓ is described by (Jacot et al.,
2018):

duθt
dt

pxq “ ´

S
ÿ

i“1

pNqNTK θt
px , xi qpuθt pxi q ´ yi q,

Key Idea
The empirical dynamics takes place in:

pTθM :“ Span
`

pNqNTK θpxi , ¨q : pxi q1ďiďN

˘

.

We can define the empirical Natural Gradient:

θt`1 “ θt ´ η du:

θt

´

ΠK
pTθtM

∇L|uθt

¯

.

Byproduct
Yields an optimal criterion for pxi q choice:

pxi q
‹ “ argmin

pxi qPΩS

›

›

›

›

ΠK

pT
pxi q

θ,K M
∇L|uθt

´ ∇L|uθt

›

›

›

›

L2pΩq

Theorem (ANaGRAM)
Under mild assumptions:

du:

θt

´

ΠK
pTθtM

∇L|uθt

¯

“ pϕ:

θt
y∇Lθt ,

with: for all 1 ď p ď P, 1 ď i ď S

‚ pϕθt i ,p :“ Bpuθt pxi q

‚ y∇Lθt i :“ ∇L|uθt
pxi q

Key fact
ϕ̂:

θt
can be computed with a SVD,

with complexity O
`

minpPS2,P2Sq
˘

.
Corollary
There exist P points px̂i q such that:

ΠK
pTθM

∇L|uθ “ ΠK
TθM∇L|uθ .
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Application to PINNs
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Application to PINNsKey remark
The only difference between the losses:

pℓD,Bpθq :“
1

2SD

SD
ÿ

i“1

´

DruθspxDi q ´ f pxDi q

¯2

`
1

2SB

SB
ÿ

i“1

´

BruθspxBi q ´ gpxBi q

¯2
,

and pℓpθq :“ 1
2S

řS
i“1 puθpxi q ´ f pxi qq

2

is the use of the operators D and B .
Proposition
PINNs are a quadradic regression
problem with model: pD,Bq ˝ u :
$

’

&

’

%

RP Ñ H Ñ
L2pΩ Ñ R, µqˆ

L2pBΩ Ñ R, σq

θ ÞÑ uθ ÞÑ pD ruθs ,B ruθsq

Natural Gradient of PINNs

Figure: Illustration of PINNs Natural Gradient
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Empirical Evidence for the Natural Gradient Relative to Adapted
Model (ANaGRAM) Algorithm
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Empirical validation
2D Laplace equation

Figure: Performance comparison w.r.t running
time for Laplace equation in 2 D:
#

∆u “ ´2π2 sinpπx1q sinpπx2q in r0, 1s2

u “ 0 on Br0, 1s2

1+1D Heat equation

Figure: Performance comparison w.r.t running
time for Heat equation in 1+1D:

$

’

&

’

%

Btu ´ 1
4Bxxu “ 0 in r0, 1s2

u “ 0 on r0, 1s ˆ t0, 1u

u “ sinpπxq on t0u ˆ r0, 1s
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Empirical validation
5D Laplace equation

Figure: Performance comparison w.r.t running
time for Laplace equation in 5 D:
#

∆u “ π2 ř5
k“1 sinpπxkq in Ω “ r0, 1s5

u “
ř5

k“1 sinpπxkq on BΩ

1+1D Allen-Cahn equation

Figure: Performance comparison w.r.t running
time for Allen-Cahn equation in 1+1 D:

$

’

&

’

%

Btu ´ 10´3 Bxxu “ 5pu ´ u3q in Ω “ r0, 1s ˆ r´1, 1s

u “ ´1 on BΩb “ r0, 1s ˆ t´1, 1u

up0, xq “ x2 cospπxq on BΩ0 “ t0u ˆ r´1, 1s
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NTK vs NNTK of PINNs

(a) NTK (b) NNTK

Figure: Comparison of NTK and NNTK at initialization for Heat equation in 1+1D
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NTK vs NNTK of PINNs

(a) NTK (b) NNTK

Figure: Comparison of NTK and NNTK at the end of optimization for Heat equation in
1+1 D 18 / 43



In-Depth Empirical Analysis of Cutoff Regularization in ANaGRAM
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In-Depth Empirical Analysis of Cutoff Regularization in ANaGRAM

SVD pseudoinverse details
pϕθ “ pV p∆

Singular values

pUJ ; pϕ:

θt
“ pU p∆:

pVJ.

In practice, we apply a cutoff:

p∆:α :“

#

p∆´1
i if p∆i ě α

0 otherwise
,

with α ą 0 the cutoff level. Thus:

pϕ:α
θ

y∇Lθ “

rα
ÿ

i“1

pUi
p∆´1
i

pVJ
i

y∇Lθ,

with rα :“ #ti : p∆i ě αu ď minpP, Sq.

Reconstruction Error (RCE)

RCEn “
1

?
S

›

›

›

›

›

y∇Lθ ´

n
ÿ

i“1

pVi
pVJ
i

y∇Lθ

›

›

›

›

›

RS

Intuition on RCE
RCEn accounts for the part of ∇Lθ

orthogonal to the n most important
components of pTθM.

Remark
‚ lim

SÑ8

pTθM “ TθM

‚ RCE2
0 “ 1

S

›

›

›

z∇Lθ

›

›

›

2

RS
“ pℓpθq
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Empirical insights on the cutoff impact in ANaGRAM

(a) Iteration 0: intersection point
between singular values and RCE
lies before cutoff.

(b) Iteration 40: intersection
point shifts rightward toward cut-
off.

(c) Iteration 90: intersection
point passes the cutoff threshold.
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Empirical insights on the cutoff impact in ANaGRAM

(d) Iteration 120. Beginning
of flattening: RCE stabilizes at
constant level before cutoff.

(e) Iteration 150: End of the flat-
tening phenomenon. The train
loss reaches the flattened part of
the RCE.

22 / 43



Incomplete and instant flattening

(f) Incomplete flattening of the
RCE with a fixed cutoff at 10´3.

(g) New cutoff located roughly at
the location of the “elbow” in the
RCE curve.

(h) Complete flattening after one
natural gradient step with the
new cutoff.
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Adaptive Multi-cutoff Strategy Modification for ANaGRAM
(AMStramGRAM) algorithm
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Outline of the algorithm
Algorithm 1: AMStramGRAM (sketch)
Input:
Initial parameters: θ0 P RP

Precision target: ϵ ą 0
1 repeat
2 pUt , p∆t , pVt Ð SVDppϕtq

3 Compute RCEt

4 rX Ð #tn : RCEtn ě p∆tnu

5 rϵ Ð #tn : RCEtn ě ϵu
6 Apply ANaGRAM with cutoff rank

rα Ð minprX, rϵq
7 t Ð t ` 1
8 until rϵ “ 0 or t ě Tmax

Output: θt

25 / 43



Outline of the algorithm
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Empirical validation

Experiment Train Loss L2 Error

AMStraMGRAM ANaGRAM AMStraMGRAM ANaGRAM

Heat Equation 6.29e-29 ˘ 6.78e-30 8.56e-11 ˘ 7.05e-11 2.32e-14 ˘ 1.14e-14 1.28e-06 ˘ 1.75e-06
Laplace 2D 1.46e-28 ˘ 1.87e-29 4.27e-13 ˘ 4.66e-13 2.24e-15 ˘ 2.52e-16 3.49e-09 ˘ 3.58e-09
Laplace 5D 2.04e-08 ˘ 1.16e-08 6.37e-08 ˘ 7.01e-08 2.12e-05 ˘ 8.15e-06 4.00e-05 ˘ 2.93e-05
Allen–Cahn 3.19e-11 ˘ 2.37e-11 2.19e-04 ˘ 4.16e-04 5.87e-05 ˘ 6.25e-06 4.32e-03 ˘ 5.93e-03

Experiment Train Loss L2 Error

AMStraMGRAM SSBroyden AMStraMGRAM SSBroyden

Burgers (1+1 D) 2.99e-12 ˘ 9.26e-13 2.92e-10 ˘ 1.45e-10 1.5e-06 ˘ 9.43e-7 1.59e-06 ˘ 1.02e-6
Non-Linear Poisson 8.51e-24 ˘ 2.24e-24 3.03e-16 ˘ 3.82e-16 6.81e-10 ˘ 1.41e-09 9.29e-12 ˘ 5.85e-12
Allen–Cahn 3.19e-11 ˘ 2.37e-11 6.42e-12 ˘ 5.52e-12 5.87e-05 ˘ 6.25e-06 3.94e-06 ˘ 1.72e-06
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Overfitting

Figure: Overfitting on Allen–Cahn: residual lines align with sampling lines.
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Overfitting

Figure: Overfitting on Allen–Cahn: densifying the sampling in overfitted regions mitigates
overfitting.
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Natural Gradient and Green’s function
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Green’s function in a RKHS

Definition (Green’s function of D)
A Green’s function is any kernel function g : Ω ˆ Ω Ñ R such that the operator:

R : f P D rHs ÞÑ

ˆ

x P Ω ÞÑ

ż

Ω
gpx , sqf psqµpdsq

˙

P H

verifies the equation: D ˝ R “ IDrHs

Definition (generalized Green’s function of D on H0 Ă H)
A generalized Green’s function is any kernel function g : Ω ˆ Ω Ñ R such that the
operator:

R : f P L2pΩ Ñ R, µq ÞÑ

ˆ

x P Ω ÞÑ

ż

Ω
gpx , sqf psqµpdsq

˙

P H

verifies the equation: D ˝ R “ ΠK
DrH0s
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Natural gradient of PINNs is a Greens’s function
Theorem
Let D : H Ñ L2pΩ Ñ R, µq be a linear differential operator and u : RP Ñ H a
parametric model. Then for all θ P RP , the generalized Green’s function of D on
TθM “ Im duθ is given by: for all x , y P Ω

gTθMpx , yq :“
ÿ

1ďp,qďP

BpuθpxqG :
p,qBqDruθspyq,

with: for all 1 ď p, q ď P

Gpq :“ xBpDruθs , BqDruθsyL2pΩÑR,µq
.

In particular, the natural gradient of PINNs can be rewritten:

θt`1 Ð θt ´ η du:

θt

ˆ

x P Ω ÞÑ

ż

Ω
gTθtMpx , yq∇Lθt pyqµpdyq

˙

.
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Green’s function and regularization

Theorem
Let D : H Ñ L2pΩ Ñ R, µq be a linear differential operator and H0 Ă H an RKHS
with kernel k0. Given the spectral decomposition:

ΠH0D
˚DΠH0 “

ż `8

0
λπD,H0pdλq IH0 “

ż `8

0
πD,H0pdλq

Then the generalized Green’s function at regularization level α ą 0 is given by:
for all x , y P Ω

gH0,αpx , yq :“ D

„
ż `8

α2
λ´1πD,H0pdλq rkpx , ¨qs

ȷ

pyq
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Connection to Galerkin’s method
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Kernelization of Galerkin’s MethodStrong formulation
Find u P H2pΩq such that
#

∆u “ f P L2pΩq in Ω

u “ 0 P L2pBΩq on BΩ
.

Weak formulation
Find u P H1

0pΩq such that:@v P H1
0pΩq,

x∇u , ∇vyL2pΩÑRd q “ xv , ´f yL2pΩq .

Galerkin method
Fixing a finite dimensional space
Hn Ă H1

0pΩq.

Find u P Hn such that:@v P Hn,

x∇u , ∇vyL2pΩÑRd q “ xv , ´f yL2pΩq .

Kernelization of Galerkin
Let pvni qni“1 be a basis of Hn.

THn : θ P Rn ÞÑ

n
ÿ

i“1

θiv
n
i P Hn.

NNTKspx, yq “
ÿ

1ďp,qďn
BpTHnG

:
sp,qBqTHn .

Strong formulation
G2p,q “ x∆BpTHn , ∆BqTHnyL2pΩq

.

un “ x∆NNTK2px, ¨q , fyL2pΩq .

Weak formulation
G1p,q “ x∇BpTHn , ∇BqTHnyL2pΩÑRd q

.

un “ xNNTK1px, ¨q , ´fyL2pΩq .
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Hilbert Riggings

H´ Ě H0 Ě H`

I´

I0

O´

I`

O`

Figure: Schematic diagram of the basic
structure of a Hilbert Rigging (a.k.a. Gelfand
triple), adapted from Berezansky et al. (1996).

O` : embedding of H` into H0

I` :“ O˚
` : H0 Ñ H`

x¨ , ¨y´ : pu, vq P H2
0 ÞÑ xI`u , I`vyH`

H´ :“ H0
}¨}´ » H1

`

I0 :“ I` : H´ Ñ H`

O´ : embedding of H0 into H´

I´ :“ O˚
´ : H´ Ñ H0

I0O´“ I`; O`I0 “ I´
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Weak-Strong equivalence

H´1
pΩq Ľ L2

pΩq Ľ H1
0pΩq Ľ H2

pΩq X H1
0pΩq

I´

I0

O´

I1“I`

I1

O1“O`

I2

O2

Figure: Schematic representation of the Hilbert rigging chain
unifying the weak and strong formulations. Adapted from
Berezansky et al. (1996).
Proposition (Green’s Identity)
x∆u , O1vyL2pΩq “ ´

ż

Ω
x∇u , ∇vyRd “ ´ xO2u , vyH1

0pΩq .

Proposition
∆2 :“ ∆ “ ´I˚

1 : H2pΩq X H1
0pΩq Ñ L2pΩq

∆1 :“ ∆
H1

0pΩq
“ ´I˚

0 : H1
0pΩq Ñ H´1pΩq

Test form of the Strong
formulation
Find u P H2pΩq X H1

0pΩq s.t,
x∆u , vyH1

0pΩq “ ´ xf , vyH1
0pΩq ,

@v P H2pΩq X H1
0pΩq.

Least-squares form of the
Weak formulation
Find u P H1

0pΩq s.t ∆1rus “ O´f

or even ∆1rus “ α P H´1pΩq.

Proposition
uweak “ ´I1f “ O2ustrong
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Green’s functions
Form

Formulation
Weak formulation Strong formulation

Test form

´ O1rNNTK1,npx, ¨qs

» ´ NNTK1,npx, ¨q

P L2pΩq

´ O2rNNTK2,npx, ¨qs

» ´ NNTK2,npx, ¨q

P H1
0pΩq

Least-
squares form

´ I˚
0rNNTK1,npx, ¨qs

“∆1rNNTK1,npx, ¨qs

P H´1pΩq

´ I˚
1rNNTK2,npx, ¨qs

“∆2rNNTK2,npx, ¨qs

P L2pΩq

Table: Summary of the Green’s functions associated with each combination
of formulation and form, computed over a finite-dimensional subspace Hn

of functions, with x P Ω.

N.B: While
those
approximations
yield the same
asymptotic
solution, the
approximations
(i.e. solutions
on Hn) differ.
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Conclusion and Perspectives
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Conclusions
‚ Anagram: lowers natural-gradient cost

from OpP3q to OpminpPN2,P2Nqq

(overfactor minpP,Nq w.r.t SGD).
‚ AMStramGRAM gives a principled way

to adapt cutoff reaching machine-level
error.

‚ We prove that PINNs natural gradient
corresponds to an optimal linear
update following the Green’s function.

‚ Empirical results are competitive with
state-of-the-art PINNs optimizers.

‚ Theoretical connection with classical
algorithms, such as FEMs, FDMs, etc.

Perspectives
‚ Design of an optimal collocation

points procedure, coupled with
AMStramGRAM’s cutoff adaptation
strategy.

‚ Include data assmilation in this
theoretical setting, and understand its
regularizing effect.

‚ Include common optimization
techniques (e.g. Momentum)

‚ Extend it to Operator learning
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Thank you for your attention !

Berezansky, Y. M., Sheftel, Z. G., and Us, G. F. (1996). Functional Analysis. Vol. II,
volume 86 of Operator Theory Advances and Applications. Birkhäuser.

Jacot, A., Gabriel, F., and Hongler, C. (2018). Neural tangent kernel: Convergence and
generalization in neural networks. Advances in neural information processing systems,
31.

Raissi, M., Perdikaris, P., and Karniadakis, G. (2019). Physics-informed neural
networks: A deep learning framework for solving forward and inverse problems
involving nonlinear partial differential equations. Journal of Computational Physics,
378:686–707.

Schwencke, N. and Furtlehner, C. (2025). ANaGRAM: A natural gradient relative to
adapted model for efficient PINNs learning.

Schwencke, N., Rousselot, C., Shilova, A., and Furtlehner, C. (2025). AMStramGRAM:
: Adaptive multi-cutoff strategy modification for anagram.

Urbán, J. F., Stefanou, P., and Pons, J. A. (2025). Unveiling the optimization process
of physics informed neural networks: How accurate and competitive can PINNs be?
Journal of Computational Physics, 523:113656.

41 / 43



Illustration of natural gradient dynamics

Figure: Illustration of PINNs learning process under natural gradient, as successive applications
of Green’s function
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empirical Natural Gradient and ANaGRAM for PINNsCorollary
The kernel of Π

pTθΓ
is: for all x , y P pΩ ˆ BΩq

2

pkpx , yq “
ÿ

1ďi ,jďS

NNTK θpx , xi q pGθ
:

i ,jNNTK θpxj , yq, where

Gθ i ,j :“ xNNTK θp¨, xi q , NNTK θpxj , ¨qyL2pΩÑR,µqˆL2pBΩÑR,σq
“ NNTK θpxi , xjq

Theorem (ANaGRAM for PINNs)
Under mild assumptions, the empirical natural gradient update:

θt`1 Ð θt ´ η d
`

pD,Bq ˝ u
˘:

θt

´

ΠK
pTθt Γ

∇L|uθt

¯

,

does not require to estimate a Gram matrix. More precisely, we have:

d
`

pD,Bq ˝ u
˘:

θt

´

ΠK
pTθt Γ

∇L|uθt

¯

“ pϕ:

θt
y∇Lθt ,

where: for all 1 ď p ď P, 1 ď i ď S
‚ pϕθt i ,p :“ pBpD ruθt s pxi 1q, BpB ruθt s pxi 2qq

‚ y∇Lθt i :“ ∇L|uθt
pxi q
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