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Physics informed neural networks (PINNs)
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PINNs in a nutshell

Problem statement
We aim to solve:

D(u)=fel?(Q—R,u) inQ
B(u) =gel?(0Q —R,0) ondQ’
PINNs key idea

Problem
This leads to low accuracy with Adam.

g

Optimize a neural network ug on the loss:

_

" 1 2 2
I06(0) =55 3, (DLl (") — F(xP))
1 = B 5.\ 2
+2SBZI (B[u@](x, ) &) ) ’ I
using autodiff to compute D, B (Raissi Figgre.: P.INN solution under st-and-ard Adam
et al., 2019). optimization, to Laplace equation in 2D.
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Why does it work so bad ?
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Intuition from Fourier

Sy : (o) € CIENANT Z v ek

Sy singular values are all 1. BUT:
A[Sp] spectrum is {472k%: 1 < k < N}

Conclusion: A strongly impact the
spectral conditionning.

Intuition from NTK
1S
:_SZ up(x; —fx,) .

NTKy(x,y) : Zapue opug(y) T

dUQ(t)

d—t(x) - — Z NTKp(x,xi) (ug(xi) — f(xi))

i=1

Why does it Work SO bad ?

,

amm
"

Figure: NTK for Laplace eqﬁqatior].
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Natural Gradient
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Reinterpreting quadratic loss A functional geometry perspective

Consider the loss of a classical quadratic

regression problem, with batch (x;): Natural gradient in functional space
1S The functional space is constrained to:
(o) := EZ(UG(XI)—f(Xi)f- e M:=1Imu={uy : #eRP)
=1 * ToM :=Imdug = Span(dpup)
In the population limit: The Natural Gradient is then defined as:
sl 1
00) "= Llw); L{u) =5 |u—flFaq Ocer < Or = nduf, (5, \VLp, ) -
This yields the Fréchet derivative: '
dﬁ’u(h) - <U - f’ h>L2(Q)7 Le
VL,
and thus the gradient flow: Hor
ug € L2(Q) ‘
ur=—=VLy =f—u

Solution: vy = f — e Y(f — wp). 7/43



Reproducing Kernel Hilbert Spaces (RKHS) détour

Definition-Proposition

An Hilbert space H of functions

Q — R is a RKHS if and only if the
following equivalent conditions are

met:
@ There exist a function
k: Q x Q — R such that:

® H = Span (k(x,-) : x€ Q)
o Ck(x,) s k(y, )3 = k(x,y)
® for all x € Q, the evaluation
form e, : f e H — f(x) is
continuous.

Proposition
Any finite dimensional space H is a RKHS

Proposition
If H := Span(u; : i € N), is an RKHS, then
its kernel is given by: for all x,y € Q
k(xy) = 3 uil)Glu(y)
ijeN
where Gjj == (u;, uj),,.

Proposition
If H > Ho is an RKHS with kernel k, then
the orthogonal projection I'I%_[0 onto Hg is
given by:

M3, (F)(x) = Ck(x,-), g
Remark
Applying to Ho = TyM, we get natural
gradient.
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Computational perspective on Natural Gradient

Definition-Proposition (Schwencke and Furtlehner (2025))

The Natural Neural Tangent Kernel (NNTK) is the kernel of the projection
Nrya : L2(Q) — L3(Q) onto Ty M. It is given by the formula:

NNTKg(x,y) = D, (9pta(x)) G, (qus(¥))'; Gopq i={(Opn, Oqtn)2(q -
1<p,q<P
Corollary

The Natural Gradient update rewrites: 041 «— 6 —n thVE(Ht); 0(0) := L(up).
Shortcomings

* Computation of the Gram matrix Gy, is quadratic in the number of parameters.
* Inversion of Gy, is cubic

We introduce a the empirical Natural Gradient that scales linearly with the
number of parameters.
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empirical Natural Gradient
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(N)NTK in a nutshell

The functionnal dynamic of (N)GD on the
empirical loss ¢ is described by (Jacot et al.,
2018):

duet ZS:

Key Idea
The empirical dynamics takes place in:

ToM := Span (N)NTK,(x;,-) :
We can define the empirical Natural Gradient:
L
Orr1 = 0r — ndugt (I'I fgtMv£|“0z) .

Byproduct
Yields an optimal criterion for (x;) choice:

(Xi)léiSN)-

(xi)* = argmin
(x)eQs

I'IA(X

) ‘Cue zﬁug
/\/l |t |t 2()

NYNTK . (x, xi) (ug, (i) — yi),

empirical Natural Gradient

Theorem (ANaGRAM)

Under mild assumptions:
duj, (N}, quuet) = &} VL.,

with: for alll<p<P,1<i<S$§
* do,; p =0 Uet(X:)
© VLo, = VL, ()
Key fact

@;t can be computed with a SVD,
with complexity O( min(PS?, P2S)).

Corollary
There exist P points (X;) such that:
L
- MVE‘UG = I_ITQMV£|U0'
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Application to PINNs
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Key remark Application to PINNs
The only difference between the losses: Natural Gradient of PINNs

Sp
~ 1 2
ED,B(G) = <D ug (XD — f(XD >
25p le [10]67) ") Figure: lllustration of PINNs Natural Gradient
Sg

tos 2 (BlulOcP) — glxf))

i=1

~

and £(0) == 55 3374 (up(x)) — £(x0))?
is the use of the operators D and B.
Proposition

PINNs are a quadradic regression
problem with model: (D,B) o u :

*(Q — R, pu)x
L?(0Q — R, 0)
0 — up — (DJug],B[us])

RP — %
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Empirical Evidence for the Natural Gradient Relative to Adapted
Model (ANaGRAM) Algorithm
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2D Laplace equation

Test loss

100 100

10t 10°
Running time (s)

10! 10
Running time (s)
—— ANaGRAM — Adam —— ENGD — GD LBFGS

Figure: Performance comparison w.r.t running
time for Laplace equation in 2 D:

Au = —272sin(mxy) sin(mxp) in [0,1]2
u=0 on 0[0, 1]?

Empirical validation
141 D Heat equation

10° 10°
Running time (s)
ENGD — GD LBFGS

100 10 10° 10° 100 10!

Running time (s)
—— ANaGRAM  — Adam

Figure: Performance comparison w.r.t running
time for Heat equation in 1+1D:

Oty — Y0u =0 in [0,1]?
u=20 on [0,1] x {0,1}

u = sin(mx) on {0} x [0,1]
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Empirical validation
5D Laplace equation 1+1D Allen-Cahn equation

 unning time (5) " * unning time (5) v “Running time (5) - m’ MRunning time (5) .
Figure: Performance comparison w.r.t running Figure: Performance comparison w.r.t running
time for Laplace equation in 5 D: time for Allen-Cahn equation in 14+1D:

u=7_, sin(mx) on 0Q u=-1 on 0Oy = [0,1] x {-1,1}

{AU = 7T2 Zi=1 sin(7rxk) in Q = [0, 1]5 atu - 1073 a><XU = 5(“ - U3) in Q= [Oa 1] x [_17 1]
u(0, x) = x2 cos(mx) on 0Qy = {0} x [—1,1]
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NTK Vs NNTK of PINNs

Figure: Comparison of NTK and NNTK at initialization for Heat equation in 1+1D
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NTK Vs NNTK of PINNs

| B
bl
|

B

Figure: Comparison of NTK and NNTK at the end of optimization for Heat equation in
1+1D 18/43




In-Depth Empirical Analysis of Cutoff Regularization in ANaGRAM
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In-Depth Empirical Analysis

SVD pseudoinverse details
do=VAU"; o) =UATVT

In practice, we apply a cutoff:
Ate . ATl = o
0 otherwise
with o > 0 the cutoff level. Thus:
agaﬁg = Z U,'A,-_l @Tﬁe,
i=1
with r, 1= #{i : A a} < min(P,S).
Reconstruction Error (RCE)
VL 3 V0TV,

i=1

RCE, =
RS

L
VS

of Cutoff Regularization in ANaGRAM

Intuition on RCE

RCE,, accounts for the part of V.Ly
orthogonal to the n most important
components of Ty M.

Ve

T, VE

Remark
e |im Tg./\/l Tg./\/l
S—wo
2 ~
« RCEZ = 1 vag =)
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logscale
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10-14

(a) Iteration 0: intersection point
between singular values and RCE  point shifts rightward toward cut-

Empirical insights on the cutoff impact in ANaGRAM

0

S
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Number of components kept

lies before cutoff.

Train loss

—— Cutoff

logscale
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Number of components kept

(b) Iteration 40:

off.

intersection

—— Reconstruction error

107! \\\‘\

logscale

0 50 100 150 200 250
Number of components kept

(c) lteration 90: intersection
point passes the cutoff threshold.

—— Singular values
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Empirical insights on the cutoff impact in ANaGRAM

1073 \
1077 \

0 50 100 150 200 250
Number of components kept

logscale

(d) Ilteration 120.  Beginning
of flattening: RCE stabilizes at
constant level before cutoff.

—— VYTrain loss —— Cutoff

logscale

1073~ \
1077 \

0 50 100 150 200 250
Number of components kept

(e) Iteration 150: End of the flat-
tening phenomenon. The train

loss reaches the flattened part of
the RCE.

—— Reconstruction error  —— Singular values
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logscale

1075 B\
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Number of components kept

(f) Incomplete flattening of the
RCE with a fixed cutoff at 1073.

Train loss

—— Cutoff

Incomplete and instant flattening

10 10
10t S 100\
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(8) New cutoff located roughly at
the location of the “elbow” in the
RCE curve.

(h) Complete flattening after one
natural gradient step with the
new cutoff.

—— Reconstruction error  —— Singular values
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Adaptive Multi-cutoff Strategy Modification for ANaGRAM
(AMStramGRAM) algorithm
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S W=

7
8

Algorithm 1: AMStramGRAM (sketch)

Input:
Initial parameters: 6 € R”

Precision target: ¢ > 0

repeat

Us, A, Vi < SVD(ﬁbt)

Compute RCE;

r~ — #{n : RCE;, > At,,}

re — #{n : RCE; > ¢}

Apply ANaGRAM with cutoff rank
Foo < Min(rq, re)

t—t+1

until 7. = 0 or t = Tax

Output: 6,

Value (log scale)

Outline of the algorithm

10 15 20
Number of components (n)
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S W=

7
8

Algorithm 1: AMStramGRAM (sketch)

Input:
Initial parameters: 6 € R”

Precision target: ¢ > 0

repeat
Us, A, Vi < SVD(ﬁbt)
Compute RCE;
r~n <— #{n : RCE;, > At,,}
re — #{n : RCE; > ¢}
Apply ANaGRAM with cutoff rank
Foo < Min(rq, re)
t—t+1
until 7. = 0 or t = Tax
Output: 6,

(log scale)

Value

Outline of the algorithm

10 15 20
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Empirical validation

Experiment Train Loss

Ly Error

AMStraMGRAM

ANaGRAM

AMStraMGRAM

ANaGRAM

Heat Equation 6.29e-29 + 6.78e-30
Laplace 2D 1.46e-28 + 1.87e-29

8.56e-11 + 7.05e-11
4.27e-13 + 4.66e-13

2.32e-14 + 1.14e-14

2.24e-15 + 2.52e-16

1.28e-06 + 1.75e-06
3.49e-09 + 3.58e-09

Laplace 5D 2.04e-08 + 1.16e-08 6.37e-08 + 7.01e-08 2.12e-05 + 8.15e-06 4.00e-05 + 2.93e-05
Allen—-Cahn 3.19e-11 + 2.37e-11 2.19e-04 + 4.16e-04 5.87e-05 + 6.25e-06 4.32e-03 + 5.93e-03
Experiment Train Loss L> Error

AMStraMGRAM SSBroyden AMStraMGRAM SSBroyden

Burgers (1+1D) 2.99e-12 + 9.26e-13
Non-Linear Poisson 8.51e-24 + 2.24e-24
Allen—Cahn 3.19e-11 + 2.37e-11

2.92e-10 + 1.45e-10
3.03e-16 + 3.82e-16

1.5e-06 + 9.43e-7
6.81le-10 + 1.41e-09

6.42e-12 + 5.52e-12 5.87e-05 + 6.25e-06

1.59¢-06 + 1.02e-6

9.29e-12 + 5.85e-12
3.94e-06 + 1.72e-06
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Figure: Overfitting on Allen—Cahn: residual lines align with sampling lines
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Overfitting
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Figure: Overfitting on Allen—Cahn: densifying the sampling in overfitted regions mitigates
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Natural Gradient and Green's function
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Green's function in a RKHS

Definition (Green's function of D)

A Green’s function is any kernel function g : Q x Q — R such that the operator:
R:feD[H]— (xe Q— f g(x,s)f(s)u(ds)) eH
Q
verifies the equation: D o R = Ipy

Definition (generalized Green's function of D on Ho < H)

A generalized Green's function is any kernel function g : Q x Q — R such that the
operator:

R:fel?Q—R,u) — (x €eQw— Lg(x, s)f(s)u(ds)) eH

- — —nt
verifies the equation: Do R = I'ID[HO]

31/43



Natural gradient of PINNs is a Greens's function

Theorem

Let D : H — L*(Q — R, u) be a linear differential operator and u: RP — H a
parametric model. Then for all § € RY, the generalized Green's function of D on
ToM = Im duy is given by: for all x,y € Q

grom(x,y) == >, Opts(x) G 40qD[ug](y),
1<p,q<P

with: for all1 < p,q <P

qu = <apD[U9] s an[U0]>L2(QHR,u) :

In particular, the natural gradient of PINNs can be rewritten:

bess =i, (x 0 [ gr e VEa ().
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Green's function and regularization

Theorem

Let D : H — L?*(Q — R, ) be a linear differential operator and Ho = H an RKHS
with kernel ky. Given the spectral decomposition:
+00

+00
M3, D* DMy, = L AT 240 (dN) b = L TD,Ho (dA)

Then the generalized Green's function at regularization level o > 0 is given by:
for all x,y € Q

Biaalc) =0 | [ g () [k 1| o)

a?
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Connection to Galerkin's method

34/43



Strong formulation
Find u € H3(Q) such that
Au=Ffel?Q) inQ
u=0eL?0Q) ondQ
Weak formulation
Find u € H{(Q) such that:¥v € H}(Q),
(Vu, VV>L2(Q—>Rd) = (v, —f>L2(Q)-
Galerkin method
Fixing a finite dimensional space
H, c H}(Q).
Find u € H,, such that:Vv € Hp,,
Vu, Vvirzg ey = Vi =g -

Kernelization of Galerkin's Method

Kernelization of Galerkin
Let (v/)7_; be a basis of Hp,.
mn:HERn'—’ZQ,’V;nEH,,.
i=1
NNTK(x,y) = Y, &7Tu,GL _0qTn,-

Sp,a
1<p,q<n

Strong formulation
Goyy = (DO Tit, , DT D2 -
up, = (ANNTKs(x, ), f>L2(Q) .

Weak formulation
G]-p,q = <V5p7-Hn B V@q'E{n>L2(Q_,Rd) .
unp = <NNTK1 (X, ) y —f>L2(Q) .
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o_ o
/I\ /Ijr\
H_ > Ho S H,

Figure: Schematic diagram of the basic
structure of a Hilbert Rigging (a.k.a. Gelfand

triple), adapted from Berezansky et al. (1996).

Hilbert Riggings

O, : embedding of H, into Hp
I, :=0% :Ho — Hy
¢y (uv)eHE > Uy, Livoy,
H — H*OH'II_ ~
lo:=1,:H_ — H,
O_ : embedding of Hy into H_
I_:=0":H_ - Hy
100_=1,; Oylg=1_

36 /43



Weak-Strong equivalence

o 01=04 = Test form of the Strong
TN m SN formulation
HYQ) 2 12 2 H(Q 2 H Q) HQ) Find u e H3(Q) n H}(Q) s.t,
o H (Au, vigyqg)y = =<, Vg

Figure: Schematic representation of the Hilbert rigging chain Vv e H2(Q) @ Hé(Q)
unifying the weak and strong formulations. Adapted from
Berezansky et al. (1996).

Proposition (Green's Identity)

Least-squares form of the
Weak formulation

Find u e H}(Q) st Aq[u] = O_f

Au, O1v =— Vu, Vvine = —{OQru, v .
¢ YIr@) Q< R (0 >H%(Q) or even A1[u] = o€ H1(Q).
Proposition o
Dy = A =—I%: Q) n H5(Q) - L2(Q) Proposition
Al = AH})(Q) _ _Ig : H(l)(Q) N Hfl(Q) Uyeak = _Ilf = 02Ustrong
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Qrmulation | \njeak formulation Strong formulation
Form
Test form
— Ol [NNTKLH (X, )] - 02 [NNTKQ’H (X, )]
~ — NNTK; x(x, ) ~ — NNTKj (x, )
e L2(Q) e Hy(Q)
Least-

squares form

— I3[NNTK (x, )]
= Al [NNTKLH(X7 )]
e H}(Q)

— I¥[NNTK2.4(x, )]
= Az [NNTK2,H(X7 )]
e L2(Q)

Table: Summary of the Green's functions associated with each combination
of formulation and form, computed over a finite-dimensional subspace H,,
of functions, with x € Q.

Green's functions

N.B: While
those
approximations
yield the same
asymptotic
solution, the
approximations

(i.e. solutions
on H,) differ.
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Conclusion and Perspectives
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Conclusions

Anagram: lowers natural-gradient cost
from O(P3) to O(min(PN?, P?N))
(overfactor min(P, N) w.r.t SGD).
AMStramGRAM gives a principled way
to adapt cutoff reaching machine-level
error.

We prove that PINNs natural gradient
corresponds to an optimal linear
update following the Green's function.

Empirical results are competitive with
state-of-the-art PINNs optimizers.

Theoretical connection with classical
algorithms, such as FEMs, FDMs, etc.

Perspectives

e Design of an optimal collocation
points procedure, coupled with
AMStramGRAM's cutoff adaptation
strategy.

¢ Include data assmilation in this
theoretical setting, and understand its
regularizing effect.

® Include common optimization
techniques (e.g. Momentum)

e Extend it to Operator learning
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lllustration of natural gradient dynamics

Figure: Illustration of PINNs learning process under natural gradient, as successive applications
of Green's function
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Corollary empirical Natural Gradient and ANaGRAM for PINNs
The kernel ofﬂ /s for all x,y € (2 x (9(2)

k(x y)= >, NNTKy(x, x,)Gg,JNNTKg(xJ, y), where
1<ij<S$

Gojj = (NNTKo(-,xi) , NNTKo(xj,))12(0 R ) x 1200 oR.0) = NNTKo(Xi, x;)
Theorem (ANaGRAM for PINNs)

Under mild assumptions, the empirical natural gradient update:

01« 0: = d((D, B) o u)y, (1F, VL, ),
does not require to estimate a Gram matrix. More precisely, we have:
d((D,B) o u)}, (n#etrvcmt) = &} VL.,
where: for alll1<p<P,1<i<$
® 0.ip = (0pD[up,] (xi1), 0pB [ug,] (xi2))
« Vi, = VL, (Xi)
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